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Abstract: A graph with n vertices is said to admit a prime labeling if it’s vertices are 
labeled with distinct integers 1,2,---,n such that for edge xy , the labels assigned to x 
and y are relatively prime. The graph that admits a prime labeling is said to be prime. 
G. Sethuraman has introduced concept of supersubdivision of a graph. In the light of this 


concept, we have proved that supersubdivision by K2,2 of star, cycle and ladder are prime. 
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§1. Introduction 


We consider finite undirected graphs without loops, also without multiple edges. G Sethuraman 
and P. Selvaraju [2] have introduced supersubdivision of graphs and proved that there exists 
a graceful arbitrary supersubdivision of C,,,n > 3 with certain conditions. Alka Kanetkar has 
proved that grids are prime [1]. Some results on prime labeling for some cycle related graphs 
were established by S.K. Vaidya and K.K.Kanani [6]. It was appealing to study prime labeling 
of supersubdivisions of some families of graphs. 


§2. Definitions 


Definition 2.1(Star) A star Sn is the complete bipartite graph Ky» a tree with one internal 


node and n leaves, for n > 1. 


Definition 2.2(Ladder) A ladder Ln is defined by Ln = Pn x Pz here P, is a path of length n 


, X denotes Cartesian product. Ln has 2n vertices and 3n — 2 edges. 


Definition 2.3(Cycle) A cycle is a graph with an equal number of vertices and edges where 


vertices can be placed around circle so that two vertices are adjacent if and only if they appear 


1Received January 9, 2017, Accepted November 28, 2017. 


152 Ujwala Deshmukh and Smita A. Bhatavadeka 


consecutively along the circle. The cycle is denoted by Cy. 


Definition 2.4(Subdivision of a Graph) Let G be a graph with p vertices and q edges. A graph 
H is said to be a subdivision of G if H is obtained by subdividing every edge of G exactly once. 
H is denoted by S(G). Thus, |V| = p + q and |E| = 2q. 


Definition 2.5(Supersubdivision of a Graph) Let G be a graph with p vertices and q edges. A 
graph H is said to be a supersubdivision of G if it is obtained from G by replacing every edge 
e of G by a complete bipartite graph Kom. H is denoted by SS(G). Thus, |V| = p + mq and 
|E| = 2mq. 


Definition 2.6(Prime Labelling) A prime labeling of a graph is an injective function f : 
V(G) = {1,2,---,|V(G)|} such that for every pair of adjacent vertices u and v, gcd (f (u), f (v)) 
= 1 i.e.labels of any two adjacent vertices are relatively prime. A graph is said to be prime if it 
has a prime labeling. 

Generally, a labeling is called Smarandachely prime on a graph H by Smarandachely denied 
axiom ([5], [8]) if there is such a labeling f : V(G) > {1,2,---,|V(G)|} on G that for every 
edge uv not in subgraphs of G isomorphic to H, gcd(f (u), f (v)) =1. 


For a complete bipartite graph Kom, we call the part consisting of two vertices, the 2 
vertices part of K(2,m) and the part consisting of m vertices, the m-vertices part of K2,m in this 
paper. 


§3. Main Results 


Theorem 3.1 A supersubdivision of Sn, t.e. SS (Sn) is prime for m = 2. 


Proof Let u be the internal node i.e.centre vertex. Let v1, v2,---,Un be endpoints. Let 


vl, v? i= 1,2,--- ,n be vertices of graph K2,2 replacing edge uv;. Here, |V| = 3n + 1. 


4949 


Let f : V — {1,2,...,3n + 1} be defined as follows: 


f(u) =1, 

f (vi) = 3i, é=1,2,---,n, 
f (vt) = 31-1, i=1,2,---,n, 
f (v?) = 3141, 4=1,2,--:,n. 


As f (u) =1, gcd (f (u), f (v})) =] and gcd (f (u), f (v?)) =e 
As successive integers are coprime, gcd (f (v;) , f (vi)) = (3i — 1,32) =1 and gcd (f (v2), 


t 


f (v;)) = (3i + 1,3i) = 1. Thus SS (Sn) is prime. 














Let Cn be a cycle of length n. Let c1, C2,* -+> ,Cn be the vertices of cycle. Let @ ids k=1,2 
be the vertices of the bipartite graph that replaces the edge c;cj41 for i = 1,2,---,n—1 Let 
eee k = 1,2 be the vertices of the bipartite graph that replaces the edge cncı. To illustrate 
these notations a figure is shown below. 


Primeness of Supersubdivision of Some Graphs 153 





Fig.l Graph with n = 7 with general vertex labels 


Theorem 3.2 A supersubdivision of Cn, i.e. SS (Cn) is prime for m = 2. 


Proof Let pi, p2,--: ,pp be primes such that 3 < pı < po < p3--: < pk < 3n such that if 
p is any prime from 3 to 3n then p = p; for some i between 1 to k. 

Define S2 = {S2,/S2, = 2, i € N such that So, < 3n}. Choose greatest i such that p; < n 
and denote it by l. Let Sp, = {Sp, /Sp, = pı X 1, tE {2, 3, ie »n}\{pi, pi-1, aay , es oe me }- 
Define f : V — {1,2,...,3n} using following algorithm. 

Case 1. n=3to8. 

In this case, k = n. 

Step 1. f (c,) =p, for r=1,2,---,kand f (c}) =1. 

Step 2. Choose greatest 7, such that 2p; < 3n and denote it by r. Define Sp, for 
j =2,3,---,r-such that 5p, , < Sp, to be Sp, = 1 Sei) Sex =p; xi ic {2,3, viet, [a] \\. 

Step 3. For i = 2,3,--- ,n,k = 1,2. Label Éa using elements of Sp, in increasing order 
starting from j = 1,2,---,r and then by elements of Sọ in increasing order. 

Step 4. Choose greatest i such that 2’ < 3n. Label c$ 4, k= 1,2 as 271,2072., 

Step 5. Label cf, as 2’. 

Case 2. n=9 to 11 

In this case, k+ 1 =n. 

Step 1. f(c,) =p, for r=1,2,...,k and f (cn)= 1. 

Step 2. Choose greatest i, such that 2p; < 3n and denote it by r. Define Sp, for 
j =2,3,---,r-such that 5p, , < Sp, to be Sp, = Eon =p; xi ic {2,3, ts [a] \\. 
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Step 3. For i = 2,3,---,n and k = 1,2, label CF 544 using elements of Sp; in increasing 
order starting from j = 1,2,...,r and then by elements of Sə in increasing order. 

Step 4. Choose greatest i such that 2’ < 3n. Label c4, k= 1,2 as 2°7?, 2°73, 

Step 5. Label cf, k = 1,2 as 2f and 2°71. 


Case 3. n> 12. 


Step 1. f(c,) =p, for r=1,2,---,k. 

Step 2. f (chzi) = 1. 

For j = 1,2,---,n—k— 2, f (cn_-;) = 3pi-;. 

Step 3. Choose greatest i, such that 2p; < 3n and denote it by r. Define Sp, for 
j = 2,3,--+,r such that Sp, | < Sp; to be 


1 


Sivas 
Sp; = {Soule =pj;xi i€ fas ? FE] \Utexnirenh 
j r=1 


Step 4. For i = 2,3,---,n and k = 1,2. Label Éi using elements of Sp, in increasing 
order starting from j = 1,2,...,r and then by elements of Sə in increasing order. 

Step 5. Choose greatest i such that 2’ < 3n. Label c$ 4, k= 1,2 as 2'-?,2'-3. 

Step 6. Label cf, k = 1,2 as 2' and 2°71, 


In this case, labels of vertices c1,c2,--- ,Ck are prime . Vertices Ck+1, to Cn get labels 
which are multiples by 3 of pı, pi-1,--* , Pi-(n-k—2): Apart from these labels and 3 itself, we 


have k — 1 more multiples of 3. Thus k — 1 vertices of the type Ch saa 2<i< [44] j= 1,2 
will get labels as multiples of 3. And hence are relatively prime to labels of corresponding c/s. 














Similarly, for multiples of 5,7 and so on. Thus, SS (Cn) is prime. 


Theorem 3.3 A supersubdivision of Ly, i.e. SS (Ln) is prime for m = 2. 


Proof Let uy, u2,-+-++ -Un and v1,v2,--- ,Un be the vertices of the two paths in Ln. Let 
UiUi+i, ViVi for i = 1,2,---,n—1 and uv; for i = 1,2,---,n—-—1,n be the edges of 
Ln. Let «*,k = 1,2 be the vertices of bipartite graph Kz. replacing the edge u;uiz1,i = 
1,2,---,n—1. Let yf, k =1,2,---,m be the vertices of the bipartite graph K2,2 replacing the 
edge Upn—jUn—i_-1,1 = 1,2,--- ,n—1. Let wk, k = 1,2 be the vertices of the bipartite graph K22 
replacing the edge u;v; for i = 1,2,---,n—1,n. 

Thus, |V| = 2n + 2n+ 2(n—1)+2(n—1) = 8n — 4. Let pi, po,--- , pk be primes such that 
3 < pı < p2 < p3:+: < pr < 3n such that if p is any prime between 3 to 3n then p = p; for 





some i between 1 to k. Choose greatest i, such that 2p; < 8n — 4 and denote it by r. 
Define Sp; for j = 2,3,---,r such that Sp, | < Sp; to be 





8n—-4]).4 7 
Sp; = {Soule =p;xi i€ {23-41 i JU txoren 
J r=1 


Define S2 = {$2,/S2, = 2',i € N such that S2, < 3n} and a labeling from V > {1,2,--+ ,8n — 
4} as follows. 
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Case 1. n=2. 


In this case, k = 2n. Let X = {w3,w3, yt, y?, wł, w7, 77} be an ordered set. Define Sp, 
such that Sp, = CRT ADIS SINE {2,3 , | z= 1y 

Step 1. f(ur) =p, for r = 1,2. 

Step 2. f(Un-r) = Pntr4i for r = 0,1. 

Step 3. f (rj) =1. 

Step 4. Label elements of X in order by using elements of Sp, in increasing order starting 


with j = 1,2,--- ,r and then using elements of S2 in increasing order. 


Case 2. n=3 and 6. 





In this Cases k=2n+1. Let X = {x}, 3, £3, oie „Tl 1 £21 Y1, Y2 Y3, ri Yl- YZ- p w}, 
w?, wł,- -- , Wy, w2} be an ordered set. Define Sp, such that 
8n — 4 
Sn = {SaSu = LXER SK HE {23-- | h 
i i p; 
Step 1. f (ur) = pr for r = 1,2,- ,n. 


Step 2. f(Un-r) =Pn4r+1 for r = 0,1,- ,n— 1. 
Step 3. f (xj) = 1 and f (x?) = pr. 
Step 4. Label elements of X in order by using elements of Sp, in increasing order starting 


with j = 1,2,--- ,r and then using elements of S2 in increasing order. 


Case 3. n = 4,5 and 7 to 11. 





In this case, k = 2n. Let X = {x}, 13, £3, os Th 22-1 YI, Vitor os Yh- Yn—1 WI, WI 
wł,- , wl, We, 27} be an ordered set. Define Sp, such that 
8n — 4 
Sn = SSma maximae Sza }}}. 
i i Pj 
Step 1. f (u,) =p, for r = 1,2,- n. 


Step 2. f(Un-r) =Pn4r+1 for r=0,1,...,n—1. 
Step 3. f (zt) =1. 
Step 4. Label elements of X in order by using elements of Sp, in increasing order starting 


with j = 1,2,--- ,r and then using elements of S2 in increasing order. 


Case 4. n> 12. 

Let X = {x}, 23, £}, al zl 5 Ue 45 YL Y2, Yi, aa) Yi- ae wh, w, wia, SANER , wy, wi} 
be an ordered set. Choose greatest i, such that p; < [$5] and denote it by J. 

Step 1. f (ur) = pr for r = 1,2, n. 

Step 2. f (vr) = 3Pi-(r-1) for r = 1,2,- -- ,2n—k. 

Step 3. f(Un-r) =Pn4r+1 for r = 0,1,- n — (2n— k+ 1). 

Step 4. Sp, = { Spi, /Sp,, =p Xi, tE {2,3, eee [3] }} \ { pi, Pl-1; a , Pl—(2n—k-1) }- 
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Step 5. Label elements of X in order by using elements of Sp, in increasing order starting 
with j = 1,2,--- ,r and then using elements of S2 in increasing order. 

Step 6. Choose greatest i such that 2° < 3n. Label x}, x? as 2¢ and 2°71, 

In the above labeling, vertices uis and vis receive prime labels. Vertices zis, yis,w;s 
adjacent to u;s,v;s are labeled with numbers which are multiples of 3 followed by multiples of 
5 and so on. Since m = 2(small), labels are not multiples of respective primes. Thus S'S (Ln) 














prime. 
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